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Since conformal transformations are metric field reparametrization, dynamics in conformally con-
nected frames are often referred to as ‘equivalent’. In the context of cosmology, while the perturba-
tions remain invariant for a single scalar field model, the background equations differ and therefore
the dynamics. However, since the background dynamics are not the same, it is not clear whether
the attractor nature of the solutions remains the same in all conformally connected frames, i.e., a
stable solution in one frame implies an equivalent stable solution in another frame. To answer the
question, in this work, we first consider power law cosmology in the Brans-Dicke theory as well as
in the conformal Einstein frame. We show that, in this case, the attractor behavior is indeed equiv-
alent under conformal transformation, i.e., an attractor solution in one frame implies an attractor
solution in another frame. However, the decay rates of the deviations from the fixed points are
different in the two frames. We are able to relate the behavior and find that the difference is due
to the difference in e-fold ‘clocks’ in different frames, i.e., ∆N in different frames differ from one to
another. We show that the behavior is indeed true for any model in conformally connected frames
and obtain the general ‘equivalence’ relation. In the context of inflation, we consider two models:
Starobinsky and chaotic inflation, and explicitly point out the differences in these two frames. We
show that the duration of inflation in any model in the Jordan frame is always higher than the
Einstein frame due to the same reason.
I. INTRODUCTION
In solving non-linear differential equations, initial con-
ditions play a crucial role in determining the dynami-
cal behavior of the system as different initial conditions
may lead to different trajectories which may behave com-
pletely differently. While most of the non-linear solutions
depend highly on initial conditions, there exist some so-
lutions which are independent of the initial conditions.
These are referred to as attarctors.
For simplicity, it is assumed that the early Universe
was driven by a scalar field(s). Since the corresponding
field equations are highly non-linear in nature, it pos-
sesses the same problem of arbitrariness of the initial
conditions as there is no such reason for choosing precise
initial conditions.
Currently, inflationary paradigm [1–13] is the most
successful paradigm that not only satisfies all observa-
tional constraints but also solves horizon and flatness
problem. However, perhaps the greatest achievement of
the inflationary paradigm is that most models in this
paradigm solve the initial value problem, i.e., the solu-
tions are attractors and independent of the initial con-
ditions. Unfortunately, even with tighter observational
constraints, ruling out a significant number of models in
inflationary paradigm is still difficult and this is the main
drawback of this paradigm [14–18]. Due to the problems
with the inflationary paradigm, there is a growing in-
terest in finding new alternatives to inflation. Amongst
them, classical bouncing models are the most popular
one [19–25]. However, the problem with most bouncing
models is that, either the models are extremely difficult
to construct using a single scalar field (e.g., ekpyrotic
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model as the single scalar field action does not lead to
scale-invariant spectra) or they behave as non-attractors
(e.g., matter bounce).
Inflation or any other alternatives to inflation can be
studied in both minimal Einstein frame as well as in non-
minimal frame [26–29]. The non-minimal coupling to
gravity entails a coupling between the curvature and the
scalar field, which mixes the metric and scalar degrees of
freedom. This also implies that the effective Planck mass
during the early Universe is field dependent, and hence,
time dependent. The frame is called Jordan where the
coupling is the simplest, i.e., scalar field couples with
Ricci scalar. The simplest Jordan frame theory is Brans-
Dicke [30] where the field is also canonical.
The Jordan-type non-minimal coupling can easily be
removed and the theory can be mapped to minimal Ein-
stein theory by performing a suitable conformal trans-
formation. The conformal transformation can be seen
as a metric redefinition. It has been shown that, while
the background equations in two frames differ and they
are related by the conformal transformation for a single
field theory, curvature and tensor perturbations remain
invariant [31–38]. However, differences in the dynamics
in these two frames has been pointed out in several arti-
cles in the literature [39–49].
The motivation of our work is to find out the difference
between the two frames in the context of early Universe
scenario, mainly inflation. The aim is to study and com-
pare the attractor behavior of the solutions in these two
frames. Since background equations are equivalent (not
identical, but related by conformal transformation), we
expect equivalent nature of the attractor behavior, too,
in both frames. However, in our previous work [50], we
found that, while in the minimal Einstein frame, the con-
tracting (bounce) solutions of the Universe are in general
non-attractors; in a simple non-minimal frame, this diffi-
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2culty can be avoided and we can construct models which
lead to a stable contracting solutions of the Universe.
This leads to the following questions:
(a) Does attractor solution in one frame implies that
the equivalent solution in other frame is also an
attractor?
(b) If they are not the same, why is it?
(c) If they are the same, what is the relation between
them? Are they identical?
It is very difficult to distinguish the physics in these two
frames in the context of the inflationary scenario. There-
fore, if the attractor behavior also becomes identical in
these two frames, then from the current observational
framework, it is very difficult to distinguish between the
two frames. However, if they differ, then the reheating
physics may be different in different frames as (a) it gen-
erally arises due to additional relativistic fluid, which in
return, may depend on the attracting behavior of the
model, and (b) difference in power spectra (mainly ns
and r) in two frames may not seen in the CMB but can
change the reheating temperature.
In doing so, we concentrate on the simplest Jordan
frame model: Brans-Dicke theory. The detailed phase
space analysis in the Brans-Dicke theory has been stud-
ied in Refs. [50–57]. In a similar manner, also in this
work, we will first consider the consequences of power
law cosmology for simplicity and better understanding,
and then we will focus on the more realistic inflationary
models. In doing so, we will mainly study f(R) theories
as the theory is equivalent to Brans-Dicke theory with
Brans-Dicke parameter ωBD = 0 [58–65]. We will qual-
itatively show that the stability of the all conformally
connected solutions is indeed equivalent, i.e., a stable so-
lution in one frame ensures the stability of the conformal
solution in another frame. However, there is a differ-
ence in attractor behavior in these frames and they are
closely related to the difference in ‘e-fold’ clocks in these
two frames. In the context of slow-roll inflation, we will
consider Starobinsky [1, 9] and Chaotic inflation [6], and
explicitly show the differences of each model in these two
frames.
The work is organized in the following way. In the next
section, we briefly introduce the Brans-Dicke theory and
the corresponding conformal theory in the minimal Ein-
stein frame. In section III, we formulate the power law
scale factor solutions as well as potentials in both frames.
We introduce the phase space in both frames in section IV
and analyze the phase space and obtain the fixed points
as well as the stability condition in section V. In section
VI, we study the equivalence of the stability of the fixed
points and in section VII, we establish the relation of
the attractor behavior in two frames. In the following
section VIII, we focus on the inflationary paradigm and
consider two popular inflationary models: Starobinsky
and chaotic inflation and compare the attractor behav-
ior between the two frames. In section IX, we show the
difference in number e-folds in these inflationary models
between two frames. In the end, we conclude our work
with the future outlook.
In this work, we use the (−,+,+,+) metric signature
convention. ∇µ and  ≡ gµν∇µν are defined as the
covariant derivative and the d’Alembertian operator in
curved spacetime, respectively. An overdot is defined as
the partial derivative with respect to the cosmic time,
∂
∂t . Also, all physical quantities in the Einstein frame
are denoted with the tilde, e.g., X˜.
II. GOVERNING EQUATIONS IN
CONFORMALLY CONNECTED FRAMES
In this section, we briefly introduce the Brans-Dicke
theory [30] as well as the corresponding conformal theory
in the Einstein frame. Brans-Dicke theory is the simplest
theory in the Jordan frame, i.e., curvature scalar is non-
minimally coupled to a canonical scalar field. However, in
the Einstein frame, the conformal transformation makes
the field non-canonical. In order to retrieve the canonical
form of the scalar field, we need another scalar field re-
definition. In this section, we provide the action as well
as the governing equations in these two frames and the
relations between them.
A. Non-minimal frame: Brans-Dicke theory
The action for the Brans-Dicke theory [30] is
SBD = 1
2
∫
d4x
√−g
(
ϕR− ωBD
ϕ
gµν∂µϕ∂νϕ
−2V (ϕ)
)
, (1)
where, R is the Ricci scalar, ωBD is the Brans-Dicke pa-
rameter, ϕ is the scalar field and V (ϕ) is the correspond-
ing scalar field potential. Varying the action (1) with
respect to the metric gµν provides the metric field equa-
tion as
ϕ
(
Rµν − 1
2
gµνR
)
=
ωBD
ϕ
(
∇µϕ∇νϕ− 1
2
gµν∇αϕ∇αϕ
)
−gµνV (ϕ)− (gµν ϕ−∇µνϕ) .
(2)
If we take the trace of this equation (2), it becomes
R =
ωBD
ϕ2
gαβ∇αϕ∇βϕ+ 4
ϕ
V (ϕ) +
3
ϕ
ϕ. (3)
Also, variation of the action (1) with respect to the scalar
field gives
ϕ = 1
2ϕ
gαβ∇αϕ∇βϕ− ϕ
2ωBD
(R− 2Vϕ(ϕ)) , (4)
3where, Vϕ is defined as the partial derivative with respect
to the scalar field, i.e., ∂V (ϕ)/∂ϕ. These three equations
(2), (3) and (4) are not independent; only two of them
are independent.
We can express the above equations in terms of ho-
mogeneous and isotropic background line element, also
known as the the Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) line element:
ds2 = −dt2 + a2(t) dx2, (5)
where t is the cosmic time and a(t) is the scale factor of
the Universe. Using the above metric, the equations (2),
(3) and (4) can be reduced further. The 0-0 component of
the equation (2) becomes the energy constraint equation
with the form
3H2 =
ωBD
2
ϕ˙2
ϕ2
+
V (ϕ)
ϕ
− 3H ϕ˙
ϕ
, (6)
where, H(t) ≡ a˙(t)/a(t) is the Hubble parameter. The
trace equation (3) in FLRW Universe becomes the accel-
eration equation
H˙ = −ωBD
2
ϕ˙2
ϕ2
− 1
3 + 2ωBD
2V (ϕ)− ϕVϕ(ϕ)
ϕ
+ 2H
ϕ˙
ϕ
(7)
and the scalar field equation (4) becomes
ϕ¨+ 3Hϕ˙ = 2
2V (ϕ)− ϕVϕ(ϕ)
3 + 2ωBD
. (8)
B. Conformal Einstein frame
The appropriate metric transformation to map non-
minimally coupled Brans-Dicke theory to a minimally
coupled Einstein theory is given by
g˜µν = ϕgµν . (9)
g˜µν is the metric in the Einstein frame. Under the above
conformal transformation, the square root of the deter-
minant of the metric and the Ricci scalar behave as
√−g = ϕ−2
√
−g˜, (10)
R = ϕ
(
R˜+ 3
˜ϕ
ϕ
− 9
2
∇˜µϕ∇˜µϕ
ϕ2
)
. (11)
Since the covariant derivative and the contraction depend
on the metric, we use tilde on them, too. Using these
relations, we can transform the action (1) into
SE = 1
2
∫
d4x
√
−g˜
(
R˜− 1
M2pl
∇˜µϕ˜∇˜µϕ˜− 2
M2pl
V˜ (ϕ˜)
)
,
(12)
where,
ϕ˜ ≡
√
3 + 2ωBD
2
Mpl lnϕ, (13)
and V˜ (ϕ˜) ≡M2pl
V (ϕ(ϕ˜))
ϕ(ϕ˜)2
(14)
The action (12) is now minimally coupled. Equation (13)
is the scalar field redefinition along with the conformal
transformation (9) to achieve such form in the Einstein
frame. The corresponding metric equation as well as the
scalar field equations, respectively, are
R˜µν − g˜µνR˜ = 1
M2pl
(
∇˜µϕ˜∇˜νϕ˜−
gµν
(1
2
∇˜αϕ˜∇˜αϕ˜+ V˜ (ϕ˜)
))
, (15)
˜ϕ˜ = V˜ϕ˜(ϕ˜). (16)
These equations in FLRW background (5) become
H˜2 =
1
3M2pl
(
1
2
˙˜ϕ2 + V˜ (ϕ˜)
)
, (17)
˙˜H = − 1
2M2pl
˙˜ϕ2, (18)
¨˜ϕ + 3H˜ ˙˜ϕ+ V˜ϕ˜ = 0. (19)
III. POWER LAW COSMOLOGY
In order to study the phase space behavior, the sim-
plest way is to consider power law solution of the scale
factor. In this case, the equation of state, as well as
the slow-roll parameter, become a constant. In this sec-
tion, we obtain the potential which leads to power law
solutions in both frames. In the Einstein frame, the po-
tential directly fixes the scale factor solution, however,
in the Brans-Dicke theory, the scale factor cannot be ex-
actly fixed since there is an extra parameter, ωBD. We
will use the parameter such that the corresponding Ein-
stein frame scale factor can also be fixed. In this section,
we discuss these things in details.
A. Brans-Dicke theory
As mentioned earlier, amongst (6),(7) and (8), only
two are independent. For simplicity, in this section, we
concentrate on power law solution of the scale factor and
we consider the following form:
a(η) = a0
(
η
η0
)n
, ϕ = ϕ0
(
η
η0
)m
, V = V0
(
η
η0
)p
,
(20)
4where, η is the conformal time and is related to cosmic
time by the relation η ≡ ∫ dt/a(t). By solving the equa-
tions (6),(7) and (8), we obtain the solution as
ωBD =
−m2 +m+ 2mn+ 2n+ 2n2
m2
,
V0 =
(−m+m2 − 2n+ 4mn+ 4n2)ϕ0
2 a20
,
(21)
with
p = m− 2− 2n. (22)
This leads to
V = V0
(
ϕ
ϕ0
)q
, q = 1− 2
(
1 + n
m
)
. (23)
Therefore, in the Brans-Dicke theory, power law potential
V ∼ ϕq leads to power law solution of the scale factor.
Also, as mentioned before, there are two independent
parameters (n,m) that govern the dynamics where n de-
termines the nature of the Universe with the scale factor
a ∼ ηn. In our case, instead of using the variable m, we
choose a new variable α which is defined as
m = 2 (α− n), (24)
where α represents the exponent of the power law scale
factor a ∝ ηα in the conformally connected Einstein
frame. This can easily be verified as the correspond-
ing conformal transformation (9) from Jordan frame to
Einstein frame is
g˜ij = ϕgij ⇒ α = n+ m
2
, (25)
which is same as (24). Replacing m by α in (21) and
(23), we obtain
ωBD =
−3 (n− α)2 + α(α+ 1)
2 (n− α)2 , q = 1 +
n+ 1
n− α, (26)
and
V0 =
α(2α− 1)ϕ0
a20
. (27)
B. Einstein frame
As mentioned earlier, unlike Brans-Dicke theory, in the
Einstein frame, there is only one free parameter, i.e., the
potential which itself can fix the scale factor. This im-
plies conformal transformation acts in such a way that
it absorbs one of two parameters described in the Brans-
Dicke theory and the Einstein frame is described fully by
one parameter only. In order to show that, we need to
construct the potential. Using (13) and (14), it takes the
form
V˜ (ϕ˜) = M2plV˜0 exp
(
−
√
2
3 + 2ωBD
(2− q) ϕ˜
Mpl
)
.(28)
Further, using both relations in (26), we obtain the one
parameter potential as
V˜ (ϕ˜) = M2plV˜0 exp
(
−
√
2(1 + α)
α
ϕ˜
Mpl
)
. (29)
Note that, n, which is the exponent of the scale factor
solution in the Brans-Dicke frame, is not present in the
potential and α determines the dynamics only. Using
the above potential, and using equations (17), (18) and
(19), it can be shown that the scale factor in the Einstein
frame is
a˜(η) = a˜0
(
η
η0
)α
. (30)
The result is identical to the equation (25).
IV. PHASE SPACE ANALYSIS
Since we obtained the potentials in both frames that
lead to power law solutions, we can construct and study
the phase space in both frames. An efficient way of con-
structing such space is to define dimensionless quantities
and obtain the dynamical equations for them. However,
defining dimensionless quantities in two different frames
may differ from one another as the fields are redefined.
A. Brans-Dicke theory
In Brans-Dicke theory, the dimensionless quantities are
defined as
x ≡ ϕ˙
H ϕ
, y ≡ 1
H
√
V (ϕ)
3ϕ
(31)
where V (ϕ) is given by the relation (23). Then, using
these quantities, the energy constraint equation (6) be-
comes a constraint equation in the phase space and can
be written as
1 + x− ωBD
6
x2 − y2 = 0. (32)
Similarly, the acceleration equation (7) can be expressed
as
H˙
H2
= 2x− ωBD
2
x2 − 3(2− q)
3 + 2ωBD
y2. (33)
Defining the equation of state of the system in a non-
minimally coupled frame is not unique as the energy mo-
mentum tensor is coupled to the other field. Instead, we
5re-arrange and re-write field equations in a similar fashion
in Einstein frame, i.e., Gµν = T
(eff)
µν (gαβ , ϕ), where Gµν
is the Einstein tensor and we can define T
(eff)
µν (gαβ , ϕ)
as the effective energy momentum tensor. This ensures
that the definition of the effective equation of state be-
comes identical to the definition in Einstein frame and it
depends only on the scale factor in the respective frame:
weff = −1− 2
3
H˙
H2
. (34)
As discussed earlier, due to diffeomorphism invariance,
the degrees of freedom of the system is one. Hence, the
phase space is one dimensional. In order to study the
dynamics, instead of using cosmic or conformal time, we
use the ‘e-fold’ time convention with N ≡ ln |a(t)| =∫
H(t)dt. Using equations (6), (7) and (8), we obtain
the evolution equations of x and y as
dx
dN
= −3x− x2 − x H˙
H2
+
6(2− q)
3 + 2ωBD
y2, (35)
dy
dN
=
(q − 1)
2
xy − y H˙
H2
. (36)
While the direction of N is positive in an expanding Uni-
verse, in case of contracting Universe, N runs in the neg-
ative direction. Also, x and y are constrained by the
equation (32) and therefore, only one of the above two
equations is independent.
B. Einstein frame
Similar to Brans-Dicke theory, also in Einstein frame,
we can define the dimensionless parameters as
x˜ ≡
˙˜ϕ√
6MplH˜
, y˜ ≡
√
V˜ (ϕ˜)
√
3MplH˜
, (37)
which is different than the same described in (31). V˜ (ϕ˜)
is given by the equation (29). In a similar way, the energy
constraint equation in this frame becomes
x˜2 + y˜2 = 1, (38)
and the evolution equations of x˜ and y˜ take the form
x˜′ = 3x˜3 − 3x˜+
√
3(1 + α)
α
y˜2, (39)
y˜′ = 3x˜2 y˜ −
√
3(1 + α)
α
x˜ y˜. (40)
V. FIXED POINTS AND STABILITY
Since we constructed the phase space in both frames,
now we can obtain the fixed point solutions and study
the stability of those points in both frames. The fixed
points represent the exact solutions of the system. In
order to obtain such points, we need to set the velocities
of the phase space variables to be zero (i.e., dx/dN =
dy/dN = 0 and dx˜/dN = dy˜/dN = 0).
A. Brans-Dicke theory
Using equations (35) and (32), along with (33), we
can find the critical or the fixed points of the system in
the Brans-Dicke theory. This corresponds to four such
points. We are only interested in the first two as the two
solutions describe the system as desired, i.e., the scale
factor in the Brans-Dicke theory is a(η) ∼ ηn. These are
1. x∗1 = −2 +
2α
n
, y∗1 = −
√
α(2α− 1)√
3n
(41)
2. x∗2 = −2 +
2α
n
, y∗2 =
√
α(2α− 1)√
3n
(42)
Since H is positive (negative) for the expansion (contrac-
tion) of the Universe, the same sign convention in front
of y∗ defines the expansion (contraction) of the Universe.
Therefore, the fixed point (41) is the solution for con-
tracting Universe, whereas, the fixed point (42) repre-
sents the expansion of the Universe. The other two fixed
points are
3. x∗3 =
3−√9 + 6ωBD
ωBD
, y∗3 = 0 (43)
4. x∗4 =
3 +
√
9 + 6ωBD
ωBD
, y∗4 = 0 (44)
These points are the solution for zero potential, i.e.,
V0 = 0 (whereas, the first two points are valid for non-
zero finite potential) and completely governed by the ki-
netic part of the action (1). In this work, we are not
interested in these two solutions.
Now, in order to study the stability of these fixed
points, we need to linearize any one of the equations (35)
and (36) and we can obtain the dynamical solution of the
deviations from the fixed points:
δx(N) = eλ(N−N0) δx0, δy(N) =
1− ωBD3 x∗
2y∗
δx(N),
(45)
where, λ ≡ ∂A(x,y(x))∂x |∗, A(x, y) is the right hand side
of equation (35) and |∗ denotes the value at the fixed
point. δx0 is the initial value of the deviation from the
fixed point. By linearizing equations, we assume that we
are studying the stability condition in the vicinity of the
fixed points, i.e., the deviations from the fixed points are
very small.
A fixed point is stable if δx (and δy) approaches zero
asymptotically in time, i.e., the deviation vanishes over
time. If λ is negative (positive) in an expanding (con-
tracting) Universe, then δx (and δy) approach zero as N
6approaches ∞ (−∞). This implies that even if we start
from a phase space point which is arbitrarily deviated
from the fixed point, the deviated solution eventually re-
turns to the fixed point solution asymptotically in time.
This type of solutions are called attractors.
For the fixed points (41) and (42), λ takes the form:
λ(1,2) =
1− 2α
n
. (46)
Then, λ is positive for (n > 0, α < 1/2) and for
(n < 0, α > 1/2). In this case, the contracting Uni-
verse solution (41) is an attractor. Similarly, λ is nega-
tive for (n > 0, α > 1/2) and for (n < 0, α < 1/2) and
the corresponding expanding Universe solution (42) is an
attractor.
B. Einstein frame
In a similar manner, we can evaluate the fixed points
in the Einstein frame. Also in this frame, there are four
fixed points. The fixed points corresponding to solution
a˜(η) ∼ ηα are
x˜∗1 =
√
(1 + α)
3α
, y˜∗1 = −
√
(2α− 1)
3α
, (47)
x˜∗2 =
√
(1 + α)
3α
, y˜∗2 =
√
(2α− 1)
3α
. (48)
Again, the fixed point (47) is the solution for contraction
of the Universe, where as, the fixed point (48) represents
expansion of the Universe. λ˜ corresponding to these fixed
points are
λ˜(1,2) =
1− 2α
α
. (49)
From the above expression, it is obvious that λ˜ is positive
for 0 < α < 1/2 and thus the contracting solution (47)
is an attractor solution. For −∞ < α < 0 and α > 1/2,
the expanding Universe solution (48) is an attractor.
VI. EQUIVALENCE OF THE STABILITY
CONDITION
By looking at the relations (46) and (49), note that
we can obtain different conditions for stability in con-
formally connected frames. For example, if we choose
α < −1 and n > 0, then the contracting solution (41)
in the Brans-Dicke theory becomes an attractor solution.
However, α < −1 corresponds to an attractor solution for
expanding Universe (48) in the Einstein frame. There-
fore, it seems there is a clear contradiction in stability
conditions in two different conformally connected frames.
In order to answer the question, we need the transfor-
mation relations between the two dimensionless parame-
ters defined in these two frames, i.e., (x, y) and (x˜, y˜). It
can easily be shown that the relations are
x =
√
6A x˜
1−
√
3
2A x˜
, y =
y˜
1−
√
3
2A x˜
, (50)
where,
A ≡
√
2
3 + 2ωBD
, for power law,
√
2(α− n)√
α(α+ 1)
.(51)
Using the transformation, one can obtain (39) and (40)
from (35) and (36). In fact, there is no surprise that we
can obtain all background equation from one frame to
another as this is the conformal transformation in the
phase space. Using these relations, one can verify that
the fixed points in the Brans-Dicke theory correspond to
the desired fixed points in Einstein frame and the rela-
tions amongst them are
x˜∗(1,2) =
n
α− n
√
1 + α
12α
x∗(1,2), y˜
∗
(1,2) =
n
α
y∗(1,2).(52)
To make things transparent, we take an example:
(n, α) = (2,−3). This leads to λ = 7/2 and λ˜ = −7/3.
Therefore, in the Brans-Dicke theory, while the contrac-
tion solution (41) is stable, in Einstein frame, the ex-
panding solution (48) is stable. Since the two frames are
connected by a well-defined transformation, there are two
possibilities:
1. Both frames are expanding and in one frame the so-
lution is stable and in another frame, the solution is
not stable. Therefore, the stability is not invariant
in two frames, unlike other transformations.
2. Stability is invariant and in the Brans-Dicke theory,
the Universe is contracting whereas, in the Einstein
frame, the Universe is expanding.
Now consider the above relations (52) again. By choos-
ing (n, α) = (2,−3), the relation between y∗ and y˜∗ be-
comes y˜∗(1,2) = −2/3 y∗(1,2). Therefore, in the Brans-Dicke
theory, if the Universe is indeed contracting, i.e., y∗ is
negative and the solution is an attractor, in the Einstein
frame, the sign of y˜∗ becomes positive and thus the Uni-
verse in the Einstein frame is expanding. Therefore, the
solution in the Einstein frame, again, is also an attrac-
tor. This can also be verified by looking at the relation
between e-folds N and N˜ in two different frames as
∆N =
n
α
∆N˜ (53)
The relation is obtained by using the relation between
scale factors in two different frames. Sign of ∆N deter-
mines the direction of N , i.e., if ∆N is positive (neg-
ative), the Universe is expanding (contracting). For
7(n, α) = (2,−3), ∆N = −2/3 ∆N˜ . Hence, in one frame,
if the Universe is contracting, i.e., ∆N < 0, in another
frame, ∆N˜ becomes positive and the Universe in that
frame is expanding, and vice versa. We can also relate λ
and λ˜ and in case of power law, it becomes
λ(1,2) =
α
n
λ˜(1,2). (54)
Using this relation along with equations (52) and (53), we
can also establish the equivalence of the equations (45)
in the Einstein frame and it becomes
δx˜(N˜) = eλ˜(N˜−N˜0) δx˜0, δy˜(N˜) = − x˜
∗
y˜∗
δx˜(N˜). (55)
It can be verified that the above equations are the solu-
tions for the deviations in the Einstein frame. Therefore,
under conformal transformation, stability is indeed in-
variant, i.e., in one frame if the solution is an attractor,
in another frame the connected solution is also an attrac-
tor and they are appropriately related. This relation can
be extended to other fixed points and the corresponding
stability of the fixed points as well. It becomes obvious
from the example that the stability invariance is indeed
true for any model. This is one of the main results of
this work.
VII. LYAPUNOV EXPONENT
Since the conformal transformation is not a coordinate
transformation, the equivalence of the two frames does
not imply the frames are identical as the background so-
lutions differ. Also, as one can see from equation (54),
λ changes from frame to frame. The parameter λ, often
called the ‘Lyapunov exponent’, characterizes the rate of
separation between the infinitesimally close fixed point
and deviated trajectories, i.e., how fast the deviation from
the stable (unstable) fixed point decays (grows). However,
there is an identity which is invariant under conformal
transformation. As we can see from (53) and (54),
λ∆N = λ˜∆N˜ (56)
If we consider a model that is not a power law theory,
then the individual relation (53) and (54) may not hold
true because of the fact that λ can be a function of N as
well. However, the above identity (56) holds true for any
model under any conformal transformation. Therefore,
the above relation indeed represents the stability invari-
ance under any conformal transformation. The equiva-
lent solution of (45) or (55) for any model becomes
δx(N) = exp
[∫ N
N0
λ(N) dN
]
δx0. (57)
We can explicitly calculate the equivalent relation of (53)
for the general case and it takes the form
∆N =
(
1−
√
3
3 + 2ωBD
x˜
)
∆N˜ (58)
x˜ is the dimensionless variable defined in (37) in the Ein-
stein frame. This relation tells us that the ‘e-fold’ clocks
in different conformally connected frames run differently.
Using the above relation and equation (56), we obtain the
relation between λ and λ˜ in two conformally connected
frames as
λ = λ˜
(
1−
√
3
3 + 2ωBD
x˜
)−1
. (59)
Therefore, x˜ > 0 implies ∆N < ∆N˜ and therefore,
λ > λ˜. Consider the same example, (n, α) = (2,−3), i.e.,
in Brans-Dicke theory, the Universe is contracting while
in the Einstein frame, the Universe is expanding. From
equations (41) and (47), the fixed points in the Brans-
Dicke theory and the Einstein frame are x∗1 = −5, x˜∗2 =√
2/3, respectively and λ = −3/2 λ˜, λ˜ = 7/3. Therefore,
in the Brans-Dicke theory the deviation decays faster
than the same in the Einstein frame. This can be seen
in Figure 1.
In Figure 1, at the top, we plot the deviation of x de-
fined in equation (31) in the Brans-Dicke theory (direc-
tion of N is negative) and at the bottom, we plot the de-
viation of x˜ defined in equation (37) in the Einstein frame
(direction of N is positive). The deviations are normal-
ized by dividing δx(N) and δx˜(N) by δx0 ≡ δx(0) = 0.5
and δx˜0 ≡ δx˜(0) = 0.5, i.e., the initial deviations, respec-
tively. As one can easily see, in the Brans-Dicke theory
(top), the deviation decays faster than the same in the
Einstein frame (bottom). The same is true for the devi-
ation of the slow-roll parameter as well which is plotted
in the Figure 2.
Therefore, under conformal transformations, the at-
tracting behaviors in two different frames differ signifi-
cantly. In the case of power law solutions, the difference
in the attractor behavior depends on the exponents of
the scale factors in two different frames.
These phenomena can easily be interpreted by the fact
that ‘e-fold’ clocks ∆ differ in different frames. As dis-
cussed before, equation (56) tells us that if ∆N becomes
smaller in one frame than the other, |λ| in the corre-
sponding frame becomes higher than the other. This is
perfectly demonstrated in Figure 3. In this Figure, we
plot y vs x on the left with the slope of unity and the
same graph by squeezing the x-axis by half on the right.
As a result, the slope in the later looks steeper than the
earlier but two units of x in the first one are equivalent
to one unit of x in the second one. Mathematically, if
m is the slope of the first plot and m˜ is the slope of the
next one, then since y axes remain unchanged in these
two plots,
m∆x = m˜∆x˜⇒ m˜ = m ∆x
∆x˜
.
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FIG. 1. At the top, we plot the deviation from the fixed
point x1 = −5 in the Brans-Dicke theory. In this frame,
The Universe is contracting and therefore, N is decreasing.
At the bottom, we plot the deviation from the corresponding
fixed point x˜2 =
√
2/3 in the Einstein frame. In this frame,
the Universe is expanding and hence, N is increasing. The
deviations are properly normalized.
Since, m = 1 and ∆x/∆x˜ = 2 due to the squeezing, m˜
becomes 2, and hence, looks steeper than that of before.
The Brans-Dicke theory and the corresponding Einstein
frames are analogous to the first and second plots, re-
spectively. In the Einstein frame, one e-fold is equivalent
to a higher number of e-folds in the Brans-Dicke the-
ory and as a result, deviation decays faster in Einstein
frame than the same in the Brans-Dicke theory due to
the equivalence (56).
The result is interesting as well as compelling. Since
the background quantities are related by the conformal
relations, it is expected that the deviations in different
conformally connected frames are proportional. This can
be shown easily as
x˜ = f(x) ⇒ δx˜ = f ′(x)|∗ δx
and therefore, we expect the stability to be identical.
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FIG. 2. At the top, we plot the deviation of the slow-roll
parameter for the fixed point x1 = −5 in the Brans-Dicke
theory. In this frame, The Universe is contracting and there-
fore, N is decreasing. At the bottom, we plot the deviation
of the slow-roll parameter for the corresponding fixed point
x˜2 =
√
2/3 in the Einstein frame. In this frame, the Universe
is expanding and hence, N is increasing. The deviations are
properly normalized.
However, even though the deviations are proportional to
each other, the difference in stability conditions arises
due to the fact that the e-folds differ from one frame to
other.
To illustrate the above phenomena in the context of
slow-roll inflation, we will carefully study different infla-
tionary models in two different frames and see the differ-
ences in a more pragmatic manner in the next section.
VIII. RESULTS FOR INFLATIONARY MODELS
In this section, we focus on the inflationary scenario
and consider attractor models which give rise to slow-
roll inflation in both frames. In doing so, we examine
two inflationary models: Starobinsky [1, 9] and Chaotic
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FIG. 3. Comparing y vs x plots due to the squeezing of x
axis.
inflation [6]. Starobinsky model had been proposed as an
extension of Einstein gravity by adding higher order cur-
vature corrections, i.e., it falls under f(R) gravity theory.
The action for general f(R) theory is given by
Sf(R) =
M2pl
2
∫
d4x
√−g f(R), (60)
which can again be re-written by introducing auxiliary
fields as
Sf(R) =
M2pl
2
∫
d4x
√−g [f(S) + ϕ (R− S)]
=
M2pl
2
∫
d4x
√−g
[
ϕR− 2(ϕS(ϕ)− 2f(S(ϕ)))
2
]
.
(61)
S and ϕ are not independent but related by the equation
ϕ = f ′(S). The field ϕ is referred to as ‘scalaron’. There-
fore, any f(R) theory is same as Brans-Dicke theory (1)
with Brans-Dicke parameter ωBD = 0 and the potential
is given by
V (ϕ) = M2pl
(ϕS(ϕ)− 2f(S(ϕ)))
2
. (62)
Notice the change of M2pl factor in the potential as the
factor has already been introduced in (60). Hence, in
case of f(R) theory, the redefined scalar field and the
potential in conformal Einstein frame take the form
ϕ = exp
(√
2
3
ϕ˜
Mpl
)
, V˜ (ϕ˜) =
V (ϕ(ϕ˜))
ϕ(ϕ˜)2
. (63)
Therefore, by using the reverse transformation of the
above relations, any theory can be conformally mapped
to f(R) theory. We will use this in case of chaotic infla-
tion.
The reason of considering equivalent f(R) model and
not any other Jordan frame theory is as follows. In case of
slow-roll inflation, the scale factors in f(R) theory and its
equivalent Einstein frame behave nearly similarly. This
can easily be shown by using the relation (26). In case
of f(R) theory, as we have already shown, ωBD = 0 and
therefore
ωBD = 0 ⇒ (n− α)2 = 1
3
α (1 + α)
⇒ n ≈ α for α ≈ −1.
Therefore, if the scale factor in the Einstein frame is
nearly de-Sitter, the scale factor in the corresponding
f(R) theory is also nearly de-Sitter.
A. Starobinsky inflation
The action for the Starobinsky model [9] is
Sf(R) =
M2pl
2
∫
d4x
√−g
(
R+
1
6m2
R2
)
. (64)
m is the model parameter and from the observation, it
can be fixed as m ≈ 10−5Mpl. Using (61) and (62), we
can find the potential in the Jordan f(R) frame for the
Starobinsky model as
V (ϕ) =
3
4
m2M2pl (1− ϕ)2. (65)
The corresponding potential in the Einstein frame can
easily be obtained by using the relation (63) as
V˜ (ϕ˜) =
3
4
m2M2pl
(
1− exp
[
−
√
2
3
ϕ˜
Mpl
])2
(66)
Both the potentials are shown in Figure 4.
10
20 40 60 80 100 120
ϕ
0.00
0.02
0.04
0.06
0.08
0.10
0.12
V
(ϕ
)
0 1 2 3 4 5 6
ϕ˜
0.000000
0.000001
0.000002
0.000003
0.000004
0.000005
0.000006
0.000007
0.000008
V˜
(ϕ˜
)
FIG. 4. Starobinsky potential in the Jordan f(R) frame (top)
and in the Einstein frame (bottom). Planck mass (MPl) is set
to unity.
Equations (58) and (59) imply that, for an attractor
solution, if ϕ˜N/Mpl > 0 is positive, then λ > λ˜, i.e.,
in the Jordan f(R) frame, deviation decays faster than
the same in the Einstein frame and for ϕ˜N/Mpl < 0, the
opposite happens. For single field slow-roll inflation in
the Einstein frame, ϕ˜N/Mpl . 0. Therefore, deviation in
Einstein frame decays faster than the same in the Jordan
f(R) frame. In order to show this, we consider equivalent
initial conditions in both frames:
ϕ = exp
[√
2
3
ϕ˜
]
(67)
ϕN =
√
2
3
exp
[√
2
3 ϕ˜
]
1− 1√
6
ϕ˜N˜
ϕ˜N˜ (68)
where ϕN ≡ ∂ϕ/∂N, ϕ˜N˜ ≡ ∂ϕ˜/∂N˜ . Therefore, once we
fix the initial conditions, i.e, (ϕ, ϕN ) in one frame, the
initial conditions in other frame are automatically fixed.
Once the initial conditions are fixed, using equations (6),
(7) and (8) we can numerically solve the Starobinsky
model in the Jordan f(R) frame. Similarly, we can solve
the model in the Einstein frame by using the equations
(17), (18) and (19).
In order to show the differences in attractor behavior
in these two frames, we consider two different sets of
initial conditions which represent significant deviations
from the slow-roll fixed point ϕ˜N˜ . 0 and have 70 − 90
e-folding of inflation. These are:
1. Field velocity is highly negative: ϕ˜N˜ (0) =
−√5.99.
2. Field velocity is highly positive: ϕ˜N˜ (0) = 1.
The results are plotted in Figures 5 and 6 (Mpl is taken
to be unity). The blue line is the numerical solution in
the Einstein frame and the red line represents the same
in the Jordan f(R) frame. In the first case where field
velocity is highly negative, we take ϕ˜(0) to be 9 whereas
in the next case, ϕ˜(0) is fixed at 5.5. However, it can be
fixed at any value.
Notice the difference in initial conditions in these two
cases. In the first case where the field velocity in the
Einstein frame is highly negative, the initial value of the
slow-roll parameter, ˜(0) in the Einstein frame is 3.0,
whereas, in the Jordan f(R) frame, it is 2.0 (at the top in
Figure 6). This implies that the initial deviation in the
Einstein frame is higher than that in the Jordan f(R)
frame. In the second case where the field velocity in the
Einstein frame is positive, while the initial value of the
slow-roll parameter in the Einstein frame is 0.5, in the
Jordan f(R) frame, it possesses a highly negative value
of −3.0 (super-inflation) (at the bottom in Figure 6). We
infer the following from Figures 5:
1. Field velocity is highly negative: The devia-
tion in the Einstein frame takes roughly 3 e-folds
to decay, whereas, it takes almost 5.5 e-folds in the
Jordan f(R) frame to reach the slow-roll state.
2. Field velocity is highly positive: The deviation
in the Einstein frame takes roughly 1.8 e-folds to
decay, whereas, it takes almost 2.4 e-folds in the
Jordan f(R) frame to reach the slow-roll state.
Both cases imply that irrespective of the differences in
the initial conditions, the deviations decay faster in the
Einstein frame than in the Jordan f(R) frame.
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FIG. 5. Deviations of the slow-roll parameters in both the
Einstein frame (color blue) and the Jordan f(R) frame (color
red) are plotted for highly negative field velocity (top) and
highly positive field velocity (bottom) in the Einstein frame.
Deviations are properly normalized.
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FIG. 6. Slow-roll parameters in both the Einstein frame (color
blue) and the Jordan f(R) frame (color red) are plotted for
highly negative field velocity (top) and highly positive field
velocity (bottom) in the Einstein frame.
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FIG. 7. Chaotic potential in both the Jordan f(R) frame
(top) and the Einstein frame (bottom). Planck mass (MPl) is
set to unity.
B. Chaotic inflation
In the case of chaotic inflation [6], the scalar field po-
tential in the Einstein frame is
V˜ (ϕ˜) =
1
2
m2 ϕ˜2. (69)
In order to find the corresponding redefined scalar field
and the potential in the Jordan f(R) frame, we can use
the inverse of the relation (63) and these are
ϕ˜ =
√
3
2
Mpl ln ϕ, V (ϕ) =
3
4
m2M2pl (ϕ ln ϕ)
2
.(70)
Both the potentials are shown in Figure 7 (Mpl is taken
to be unity). Again we consider two extreme deviations
from the slow-roll state, i.e., two different domain of ini-
tial conditions which are identical to Starobinsky infla-
tion and the inflationary phase lasts for 70 − 90 e-folds.
In the first case where field velocity is highly negative, we
take ϕ˜(0) to be equal to 20 and in the next case, ϕ˜(0) is
fixed at 17. The solutions are shown in Figures 8 and 9.
The result repeats the same as the Starobinsky model:
1. Field velocity is highly negative: The devia-
tion in the Einstein frame takes roughly 3 e-folds
to decay, whereas, it takes almost 5.5 e-folds in the
Jordan f(R) frame to reach the slow-roll state.
2. Field velocity is highly positive: The deviation
in the Einstein frame takes roughly 1.8 e-folds to
decay, whereas, it takes almost 2.4 e-folds in the
Jordan f(R) frame to reach the slow-roll state.
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FIG. 8. Deviations of the slow-roll parameters in both the
Einstein frame (color blue) and the Jordan f(R) frame (color
red) are plotted for highly negative field velocity (top) and
highly positive field velocity (bottom) in the Einstein frame.
Deviations are properly normalized.
Therefore, also, in this case, the deviation in the Ein-
stein frame decays faster than the same in the Jordan
f(R) frame. The result can be generalized for any at-
tractor slow-roll models of inflation.
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FIG. 9. Slow-roll parameters in both the Einstein frame (color
blue) and the Jordan f(R) frame (color red) are plotted for
highly negative field velocity (top) and highly positive field
velocity (bottom) in the Einstein frame.
IX. DIFFERENCE IN E-FOLDS DURING
INFLATION
Again, by looking at the relation (58), one can easily
notice that in the Einstein frame, the ‘e-fold’ interval δN
is smaller than that in the Jordan frame during slow-
roll inflation. Therefore, for a given equivalent interval,
in the Jordan frame, the total number of e-folds should
be higher than the same in the Einstein frame. Again,
this is perfectly illustrated in Figure 3. In this Figure,
∆x˜ = 1/2 ∆x, and hence, 10 intervals of x is equivalent to
5 intervals of x˜. Similarly, since ϕ˜N˜ is negative but close
to zero during the slow-roll inflationary period, in the
Einstein frame, the total number of e-folds is lesser than
the same in the Jordan frame for the equivalent duration
of an event. We can use this to evaluate the duration of
inflation for both Starobinsky as well as chaotic inflation
in both these frames. In order to show the difference of
e-folds during inflation in these two frames, we need to
use the definition of end of inflation at N = Nend and
it is (Nend) = 1, i.e., the slow-roll parameter becomes
unity at the end of inflation.
In Table I, we provide the results for both the models
in these two frames. We use the same initial conditions
that we used before. As you can see, in both Starobinsky
and chaotic inflation, the number of e-folds in the Jordan
frame is higher than the same in the Einstein frame.
X. CONCLUSIONS
In this work, we studied the effect of conformal trans-
formation on the attractors in the context of the early
Universe. We specifically studied the stability of the fixed
points in the Brans-Dicke theory and in the correspond-
ing conformal Einstein frame, and explicitly showed the
differences. In doing so, we first considered the power
law cosmology in both the frames and carefully studied
the phase space behavior without the additional fluid.
Since all the equations are equivalent in conformal
frames, one expects equivalent attractor behavior of the
solutions in these two frames. We found that they are
indeed equivalent, i.e., attractor behavior in one frame
guarantees conformal solutions in other frames to also be
attractors. However, attractor behaviors in both frames
differ depending upon the dynamics of the frame. In the
case of power law cosmology, the difference depends on
the exponents of the scale factors in both frames. We also
showed that the e-fold time interval changes from frame
to frame and we established the equivalence relation of
the stability in all conformally connected frames: λ∆N
to be invariant under all frames (see relation (56)). If ∆N
in one frame shrinks more than that in the other frame,
in order to maintain the equivalence, the corresponding
λ, which governs the dynamics of the deviation, becomes
higher than the same in another frame. This implies that
deviations in that frame decay faster than the same in the
other frame.
The result can easily be extended to any generalized
model in any conformally connected frames. The rela-
tion (56) is indeed the general equivalence relation of the
attractor behavior in any conformally connected frames.
In order to study the behavior in more realistic models,
we consider two popular inflationary models: Starobin-
sky and Chaotic inflation in the Einstein frame as well
as in the Jordan f(R) frame. In slow-roll inflation in
the Einstein frame, ϕN . 0 and therefore in the Ein-
stein frame, the e-fold time interval is smaller than that
in the corresponding f(R) theory (see relation (58)) and
therefore, λ, the decaying parameter for an attractor so-
lution is higher in the Einstein frame compared to the
other. Therefore, in the case of slow-roll inflation, devia-
tions decay faster in the Einstein frame than that in the
Jordan f(R) frame. On the other hand, since the time
shrinks in the Einstein frame more than that in the Jor-
dan f(R) frame, we evaluate the duration of inflation in
both the frames and we found that inflation lasts longer
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in the Jordan f(R) frame than in the Einstein frame.
Since we found that the time axis squeezes or expands,
it can now be easily be related to the definition of con-
formal transformation itself. Under conformal transfor-
mation, the space-time in different frames scales differ-
ently, which can be seen from the relation (9). There-
fore, an event in different conformal frames appears to
be squeezed or stretched depending upon the conformal
behavior in the respective frames.
There are two physical implications of the above phe-
nomena. First, following the inflationary phase, re-
heating generally arises due to an additional relativistic
fluid(s). Since the attracting behavior, as well as the
number of e-folds during inflation, differ in these two
frames, we may see a significant signature of the phe-
nomena in the reheating phase. Second, attractor solu-
tion can produce features in the perturbed power spec-
trum [66] which help to improve the fit to the observa-
tion. Since the behavior is different in different frames,
the features in these two frames will be different. These
works along with other observational consequences are
under progress.
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Starobinsky inflation
Initial conditions
Number of e-folds in
the Jordan f(R) frame
Number of e-folds
in the Einstein frame
ϕ˜(0) = 9, ϕ˜N˜ (0) = −
√
5.99 90.1 86.4
ϕ˜(0) = 5.5, ϕ˜N˜ (0) = 1 89.8 87.5
Chaotic inflation
ϕ˜(0) = 20, ϕ˜N˜ (0) = −
√
5.99 80.9 72.7
ϕ˜(0) = 17, ϕ˜N˜ (0) = 1 84.0 77.2
TABLE I. Difference in number of e-folds during inflation in both Jordan f(R) frame as well in Einstein frame.
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